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To do Mathematics is to

Imagine !

Create!

Explore!



Elementary School

Ask students to multiply
2.9.9.9.9...

How far can they go? Ask them to sum the results:
1 2 4 8 16 32 64

1 3 7 15 31 63 777

Can they guess what is going on? Hey can we do that for 37
3.3.3.3.3...
How far can they go now? Add the results:
1 3 9 27 81 243 729

1 4 13 40 121 364 777
Can you guess it know? No! Well multiply the sums by 3.

3 12 39 120 363 1092 777
Now, can you guess? No! Subtract the sums row from the last row.
2 8 26 80 242 728 777

Can, you guess now?!

It is MAgic



Elementary School

The example is an exercise in:

multiplication, addition drill

pattern recognition drill

opens field for further exploration

introduction into geometric sequences and series,

introduction into topic which is far advance for students, but...
Middle School: Do the same with fractions or negative numbers!

Middle/High School: Guess the formula! Discuss a validity of the formula!



Geometric Sequence and Sum

Geometric Sequence

Let ¢ € R. Then

g=1 = " —1
q= —1 = has two partial limits 1, —1
lgl< 1 = ¢"—0

qg>1 = ¢"— o
g< —1 = ¢"has two partial limits oo, —o0

Geometric sum

sn=14+q+¢+¢+ - +q"
Then (very much like in the elementary school exercise)
Gsn =q+q*+q° +-+q" + g

Subtract ¢s,, form s,

sn—gsn = (I+g+@++ - +d") - @@+ ++ - +q" +")
1-q)sn = 1-¢""
1— qn+1
Sp = ——a Geometric sum formula - High School stuff
—q

High School students can explore further the formula. For example what does happen when
n is getting larger,and larger and larger.



Geometric Series

Let s=14+qg+¢>+¢>+ - Then

1— n+1 1
s= lim s, = lim g =
n—00 n—oo 1 —gq 1—g¢q

The improper proof but a valid exercise for High School students:

s—qs = (L+q+¢@+¢+ )~ @+ +¢+-)
(I-q)s = 1
1
s = 12 Cool stuff but totaly incorrect!
1 1 1 1
14+ = - Z e = =2
ttitgt 1
Hey, a student from high school can claim then
1
1+2+4+8+16+32+64+-~-=ﬁ:—l

Crazy!, But this is wrong! Right? Right!



Geometric Series formula

. 1
1+q+q2+q3+'~~:17_q providing |q| < 1

Notice also

1
1+q+q2+q3+-~-+q”<1—7q



Some Basic Applications of Geometric Sum
and Series

Let z be a complex number such that

n s 21k

M=1=z=¢"" k=0,1,2,...,n—1 the roots of unity

Compute
sp=14z+224234+ 4271,
Solution:
1_ n
sp=1+2+422 422+ +2""! = (geometric sum) = 1 S, z#1
-z



Prove

Solution:
Recall

geo. series
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Geometric sums and series of Matrices

AV=T A" = AAAA---A
—
n—times

Compute
Sp=T+A+A?2+ A3+ A +... 4 A" =2

Let us try the old elementary-high school trick:
As, = A+ A2+ A2+ A+ 4 A
Then
Sp—Asy = (T + A+ A2+ A3+ A 4 A" — (A+ A2+ A3 4 A ... 4 AT

(I —A)s, =1— A"
s, = (I —A)"HI — A™"')  Geometric sum formula for matrices

But when does it work?
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Geometric Sums and Series of Matrices

Matrix Norms:
|ABI<[ Al Bl [All=0&A=0

Then
| A™ I<|| A"

|| A" ||[— 0 providing | A|<1

Hence we can show the following

[ Snam—snll = |T+A+A?+ A+ A+ 4 A - (T+ A+ A2+ A3+ A+ + A" ||
_ ” An+1+An+2+“'+An+m ”

< AT AL ATEE ] 4 ] A
< LA QA+ AT+HTAR A+ + 1A ™)
1
< A" ——— — 0 since| A" ||— 0
1= [l Al

This means (s, ) is a Cauchy sequence. Hence the sequence converges. The following shows
that s, — (I — A)~ L.

(I—A)s, =T —-A)(I+A+ A+ .+ A") =1 A"T!

Let n — o0
(I-A)s=1-1limA" M =1

Hence
(I-A)t=s=T+A+A2+ 4%+ ..
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Applications of Geometric Sum and Series in
Calculus

D’ Alambert ratio convergence test:
Let (a,) be a sequence of real numbers such that

(o)
lim sup W =L<1l= Z an, 1is convergent
n n=0

o0
a
lim sup [ 11] =L>1= E a, is divergent
a

‘ nl n=0

Essential part of the Proof:

I >0, NeN such that e L .

|ay|
AN+1 < anNT
aN+2 < ClN""2
AN+3 < aNr3
AN 4 < CLN'I'4

o0

an
> awsr <an ) rt <o
k=0 k=0
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Applications in Metric Spaces

Let (X, d) be a metric space.

Contraction Mapping Theorem

Let f: X — X such that

d(f(z), f(y)) < cd(z,y) 0<c<1

Let
20 € X, zpi1=f(zn)

Then
@) —7 and f(@)=7

Further T is the unique fixed point.
Proof:

d(anrlaxn) = d(f(xn)a f(xnfl)) S c d({L‘n, mnfl) S C2 d($n717xn72) S e S " d(xloxO)

Hence

A(Zngm:Tn) < ATngms Togm—1) + A @ntm—1, Tntm—2) + d(@ntm—2, Tnim—3) + + + d(Tni1,Tn)
< TN (ny, xg) + T 2d(2y, o) + AT T3 d (2, x0) + - 4 d(2, )
< dzy,ro) 14+ e+ +E 4+ ™
1
< d(xq1,m0) 1 — 0

(n) is a Cauchy sequence = (x,,) is convergent to .
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Next we show that T is a fixed point.

d(f(@),T)

= d(f(@),limz,)

IN

limd(f(Z), zn)
lim d(f(Z), f(xn))

lime d(Z, z,) — 0
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Contraction Mappings in Calculus

Let f: I — I is differentiable on I then by MVT

(@) = F@) < 1 ©lle =yl < Mz —y]

where )
M = SI}plf €3]

So if M < 1 fis a contraction mapping.

Example:
Solve cos(z) —x = 0.
Create the recursive sequence
Xy, = cos(Tp_1)
d )
’%cos(x)‘ =|—sin(z)] <1
So if we stay far away from the O we would be o0.k.
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Von Neuman Series

Let (X,] - |I) be a Banach Space.
Let T : X — X be a bounded linear operator and let

[T [|< A
Then
=1
_ -1 _ n
Th=(T-AM)"=->" ed
n=0
and
EN—
< —
A= T
Proof:

T
||T||<)\:>HXH <1

25l = X5

n
< 0

(T—A)B = (T—\) (i A:)

oo T,,L
= > (T-A

n=0
s TnJrl ™
= n \n—1
2 T
e Tn+1 ™
= A o
n=0
— Al

16



B -1
— = (T -\
= = = (T AD)

oo

1
(T=A)" == T

n=0
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Divergent Series

Hardy and Ramanujan

1
L4243 444546+ =

Imagine: We can do it!
Create!!
Suppose that

(1) Zan:s:Zkan:kZan:ks
(2) Zan:s an:téZanern:tJrs

3) aptart+as+az+---=s=>ar+axtaz+---=s—aqagp
Explore!
T4 () + 14+ (1) 1+ (=) 4 =1 (1T (1) + 14 (=1) + -
1
:]_— —
S s=s=3
Actually
14+2+4+8+16+32+64+---=—1
(:0)
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At the End

Why this talk?
Importance of Geometric sequences,sums, and series in mathematics

Message to the teachers - Be a PUFM teacher
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