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Notation:

A = an integer valued expanding dilation

B=A4"  q=det(A)

Zd
D= {do :6,d1,d2,...,dq_1} = 17
Zd
L={lo=elil,..,lg1} = g
B-1z4
G={90=¢€,01,92,...,9q-1} = —a

flo) = 5 Fl@)e 2™ Edy



Madych (1993)
Some Elementary Properties of MRA of L2(R?)

Definition 1. An MRA (Multiresulution Analysis)V with the basic space Vi is TMRA (Translation
Multiresulotion Analysis if
flx)eVo=flxa—y)eVp Vye R”

Theorem 1. Suppose V is a TMRA L*(R?) associated with (Z, A) and B = A*. Then
VO = L%(Q) where Q is a closed subset of R with the following properties:

(T1) QC BQ

(T2) QN(Q+k)~0 VkeZ?
(T3)  Upeza(Q+k) =R

(T4)  Ujeza(BIQ) =R

Conwversely, szf\ = L?(B7Q) where Q is a closed subset of R® with properties (T1)-(T4)
then the {V;}jez is TMRA of L*(R)



Remarks:

o (T1)=0€Q

[—e, ¢4 C Q= (T4)

e () is a scaling set.

BQ\ Q is called a multiwavelet set.

Definition 2. A set W C R? is a multiwavelet set of order L if W = UzL:1 W, satisfying

> xwiE+E)xw, (E+k) =6 ae VLI'=1,... L
keZa

L
Z Z Xw, (ng) =1

JEZ 1=1



TMRA case

Figure 1: Scaling set

W; =Qn(Q+1; + BZY)

where [; € L are coset representatives of Bz—zd.
B~ + Z% is a symbol set.
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Elementary Examples
Shannon Wavelet (A = [2])

0.59

-0.51

Figure 2: Shannon Wavelet

¢(x) = sinc(x) = sin(nz) scaling function
T

W(z) = sin(2rx) — sin(rz) _ sin(mrx)

— — (2cos(mx) — 1)

wavelet



Diamond Example, A=quincunx

Figure 3: Diamond Wavelet

(4

¢(x,y) = sinc(z)sinc(y) scaling function

Y(x,y) = 2sinc(x + y)sine(y — x) — sinc(x)sinc(y) wavelet
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Figure 4: 2I case
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Figure 5: 3I case
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Self-similar scaling sets

BQ = UQ +d; where dj € D and ) +d; are disjoint
J

¢($) _ /627mx~§d§
Q
_ / 627rzw~£d§
P B-1Q+4+B~1d;
1 =1 =17
§ :7 e27rch udue27rmB d;
T 1Ja
1 oA=L g -1
_ § *627”‘4 z-d; eszrB udu
Q

q

J | e —
m(A~1x) #(A-1z)
= ¢(x) = [[m(A )
J>1
= P(A'k) = [[ (A k)
§>2
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0.59
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Figure 6: Shannon Wavelet

In particular

29:(Q+%)U(Q—%)

Notice % and —% are not digits.

422) = L 4T E)g(n)
= cos(mz)p(x)
_ sin(mx) T o )
o(x) = = H cos(g) Euler - Viete formula
jz1
If
B =+

J

where [; are digits then wavelets are given by

w](x) — e?ﬂiljz¢(x) — e27riljz H m(A_ja:)

j>1
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A simple construction of TMRA
A general algorithm from MRA to TMRA

mo(f)

a symbol for MRA(ONB)

i3
M(€) = [mo (&)
U
K+ 7% := {¢ e RYM (&) = max{M(§), M (¢ + gu), - .-, M(§+gq-1)}}

i3

Q= ﬂj21 B'K + Bi74
I

(providing K C BK) = Q = BK
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Remarks:

e Choose K such that K C BK

o A possible choice for a starting symbol mo(€) := ¢ X4 cpe 2™

Grochenig, Haas, Madych
Haar-type scaling functions, AT U_/- T+ d;

e M(€) is a filter for a biorthogonal(interpolating) scaling function

M(0) =1
Z,,g(,’ J[(i + .(/) =1
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Let .
Al ={x e Ri\zgcj =1}
j=1

For example ¢ = 3

Figure 7: A3
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B~z
G = Zd = {eﬂg?h}

identify

e—0
g1
h << 2

($075171v372) = (xevmgvxh)

For ¢’ € G define

0g (%0, T1,T2) = 0g/ (Te, Ty, Tp) 1= (Tetg', Tgyg', Thig')

Figure 8:

Define f : A7 — [0, 1] such that

(1) f(1,0,0) =1
(2) Yyeq flogr) =1 Vz € A1
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Theorem 2. Let M and f be defined as before and let f be sufficiently "nice” Then

JM(E), M(§ +g), M(§ + h))

is a symbol for an (biorthogonal)interpolating scaling function

Remark: 1-dimension Lemarie-Rieusset

Hence using the general algorithm we can construct variety of TMR As.

17



Examples

Figure 9: Hexagonal Wavelet
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Figure 10: Oblique Hexagonal Wavelet
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How hard is to construct

First find f such that

Then define
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This is not the end of the story!

Let
Mp(€) == Br(f)(M(€), M(& + g), M(¢ + 1))

Mgl = 1) () ) MOI DI+ gl (e + m

kel

I:={k = (ko, k1, k2) € N*|ko + k1 + kg = P}

Bp- Bernstein polynomials on the symplex A3

Theorem 3. Mp ¢ are symbols for an interpolating scaling functions.

Moreover,Mp, ¢ are trigonometric polynomials, and symbols for nonseparable, compactly
supported interpolating scaling functions.
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Finale

mo(§) — /Baf — Bsf — ... F-scaling functions(ONB)

! TV TV
M)  — Bof = Bsf —...  f(M(§),M({+9), M(§+h))
1 by general algorithm l
Q() —>Qg7f—>93’f—>... Qoo,f

Mpg¢i:=tMp_15+ (1 —t)Mpy t€[0,1]
Use the general algorithm to create a chain of TMRAs.” morphing” of MRAs or TMRAs
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Special Example

E={x¢e A3|x0 = max(xg,x1,%2)}

Figure 11: Starting set

f=xe

Mpy — ¢py

¢p,f = increasing order of vanishing moments (Strang-Fix order ) and increasing regularity.
TMRA stays unchanged throughout the whole chain.
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Figure 12: Hexagonal Wavelet

THE END
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